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1. Introduction
A link is a closed oriented 1-manifold embedded in the 3-sphere, and a knot is a link with one component. The Alexander
polynomial [1] of a link L, denoted by L(t) ∈ Z[t, t−1], is a Laurent polynomial invariant for links up to multiplications by
units of Z[t, t−1]. The Alexander polynomial of a knot K is characterized by the following two properties [15]:
K
(
t−1
) .= K (t) and K (1) = ±1,
where the symbol “
.=” means that both sides are equal up to multiplications by units of Z[t, t−1]. Namely, the Alexander
polynomial of a knot satisﬁes the above two conditions, and conversely, for any Laurent polynomial f (t) with f (t−1) .= f (t)
and f (1) = ±1, there exists a knot K such that K (t) = f (t).
One of the problems we are interested in is to characterize the Alexander polynomials of a certain class of knots. In
particular, a characterization of the Alexander polynomial of an alternating knot is still unachieved, which is one of the
classical problems in knot theory (see [3, Problem 12]). For studies on the Alexander polynomial of an alternating knot, we
refer the reader to [4–14].
Before we state our result, we review some known results related to the problem. Let [ f (t)] j be the coeﬃcient of t j
in a polynomial f (t) ∈ Z[t, t−1]. For a non-zero polynomial f (t) ∈ Z[t, t−1], let maxdeg f (t) = max{ j | [ f (t)] j = 0}, and
mindeg f (t) = min{ j | [ f (t)] j = 0}. We say that a polynomial f (t) ∈ Z[t, t−1] is of the standard form if mindeg f (t) = 0 and
[ f (t)]0 > 0. For any knot K , we may assume that the Alexander polynomial is of the standard form by multiplying units of
Z[t, t−1]. In this paper, unless otherwise noted, we assume that the non-zero Alexander polynomial is of the standard form.
The following proposition is a fundamental fact on the Alexander polynomial of an alternating link.
Proposition 1.1. ([2,10]) Let L be a non-split alternating link. Then we have
• maxdegL(t) = 2g(L) + μ(L) − 1, and
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where g(L) is the genus of L and μ(L) is the number of components of L.
For an alternating knot K , Proposition 1.1 implies that
maxdegK (−t) = 2g(K ), mindegK (−t) = 0, and
[
K (−t)
]
i > 0 for i = 0,1, . . . ,2g(K ).
In this paper, we often consider the polynomial K (−t) instead of K (t) for an alternating knot K since such a polynomial
is easy to treat.
A characterization of the Alexander polynomial of an alternating knot of genus one is achieved as follows. Let K be an
alternating knot of genus one. Then we have K (t) = a − (2a ± 1)t + at2 for a positive integer a. In fact, such a polynomial
is realized by a twist knot, namely, we may take K as a twist knot. Then we are interested in the case where g(K ) 2, and
we focus on the case where g(K ) = 2 in this paper.
Let σ(K ) be the signature of a knot K . Then we have the following.
Proposition 1.2. ([6, Theorem 1.2]) Let K be an alternating knot of genus two. Then we have
3
[
K (−t)
]
0 − 1
[
K (−t)
]
1  6
[
K (−t)
]
0 + 1 if σ(K ) = 0, (1)
2
[
K (−t)
]
0 + 1
[
K (−t)
]
1  6
[
K (−t)
]
0 − 1 if
∣∣σ(K )
∣∣= 2, (2)
2
[
K (−t)
]
0 − 1
[
K (−t)
]
1  4
[
K (−t)
]
0 − 2 if
∣∣σ(K )
∣∣= 4. (3)
Moreover, any other linear inequality between [(−t)]0 and [(−t)]1 of alternating knots of genus two and of the given signature is
a consequence of (1)–(3).
Note that σ(K ) is an even integer, and |σ(K )|  2g(K ) for any knot K . Also note that any essential relation between
the coeﬃcients of the Alexander polynomial of a knot of genus two can be reduced to a relation between [(−t)]0 and
[(−t)]1. For an alternating knot K with g(K ) = 2, we actually have
[
K (−t)
]
2 = 2
[
K (−t)
]
1 − 2
[
K (−t)
]
0 + (−1)σ (K )/2.
Thus we have
[
K (−t)
]
2 = 2
[
K (−t)
]
1 − 2
[
K (−t)
]
0 + 1 if
∣∣σ(K )
∣∣= 0 or 4,
[
K (−t)
]
2 = 2
[
K (−t)
]
1 − 2
[
K (−t)
]
0 − 1 if
∣∣σ(K )
∣∣= 2.
Remark 1.3. Proposition 1.2 implies the aﬃrmative answer to the trapezoidal conjecture up to genus two [5], and the
inequalities due to Ozsváth and Szabó [14] for alternating knots of genus two.
Then the following question is natural to ask. If the Alexander polynomial satisfying the inequalities (1)–(3) in Propo-
sition 1.2 is given, then is it realized by an alternating knot? In this paper, we give inﬁnitely many Alexander polynomials
which satisfy the inequalities (1)–(3) in Proposition 1.2, but do not realized by alternating knots. This implies a negative
answer to the above question.
Theorem 1.4. For positive integers αi , βi , γi , and δi (i = 0,1), the Alexander polynomials
α(t) = α0 − α1t + (2α1 − 2α0 + 1)t2 − α1t3 + α0t4 with α1 = 6α0, α0 = 1,2,4,
β(t) = β0 − β1t + (2β1 − 2β0 + 1)t2 − β1t3 + β0t4 with 2β0 − 1 < β1 < 5
2
β0 − 2, β0  5,
γ (t) = γ0 − γ1t + (2γ1 − 2γ0 − 1)t2 − γ1t3 + γ0t4 with 11
2
γ0 < γ1 < 6γ0 − 1, γ0  5,
δ(t) = δ0 − δ1t + (2δ1 − 2δ0 − 1)t2 − δ1t3 + δ0t4 with 2δ0 + 1 < δ1 < 5
2
δ0 + 1, δ0  3
are never realized by alternating knots.
This paper is organized as follows: In Section 2, we give preliminaries to prove Theorem 1.4. We recall the generators for
canonical genus two knots, which were introduced by Stoimenow [16], and some known facts on the Alexander polynomials
and the generators introduced by the author [5,6]. In Section 3, we prove Theorem 1.4.
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Fig. 2. A ﬂype near a crossing c.
Fig. 3. A smoothing.
2. Stoimenow generators
A t′2 move, a ﬂype, and a smoothing are local operations on a diagram as shown in Figs. 1–3, respectively. Stoimenow [16]
provided a ﬁnite list of knot diagrams of genus two, called generators of knots of genus two (see Fig. 4), which represent all
canonical genus two knots up to t′2 moves, ﬂypes and crossing changes. In particular, for alternating knots of genus two, we
have the following.
Lemma 2.1. Any alternating knot of genus two possesses a diagram which is obtained by t′2 moves and ﬂypes from one of the diagrams
depicted in Fig. 4 up to taking the mirror image.
Remark 2.2. In general, we have to specify an order of applying t′2 moves and ﬂypes since these are not commutative as
operations on a diagram. If we change an order of applying these two operations, then we may have a mutant. However,
in this paper, we may ignore the order of applying these operations since we focus on the Alexander polynomials and the
signature which are preserved by a mutation. Thus it is suﬃcient for our case to consider a diagram obtained by applying
t′2 moves on a diagram depicted in Fig. 4.
We denote by G2 the set of all generators depicted in Fig. 4. Let Gm2 = {D ∈ G2 | |σ(D)| = m} for m = 0,2,4. We
name crossings of the diagrams in G2 as shown in Fig. 4. Let D be a diagram, and c1, . . . , cn crossings of D . Let
D(c1(k1), . . . , cn(kn)) denote the diagram obtained by applying t′2 moves ki times at ci for i = 1, . . . ,n. Here k1, . . . ,kn
are non-negative integers. We often omit the symbol ci(ki) if ki = 0, and write only ci if ki = 1. Let D/c1, . . . , cn denote the
diagram obtained by smoothing c1, . . . , cn . We deﬁne the Alexander polynomial and the signature of a diagram D as that of
the link L represented by D: D(t) = L(t) and σ(D) = σ(L).
It is known that how a t′2 move on an alternating diagram affects the Alexander polynomial and the signature of them.
In fact, a t′2 move on an alternating diagram preserves the signature [6, Lemma 2.5], and we have the following.
Lemma 2.3. ([6, Lemma 2.6]) Let D be a diagram in G2 , and c1, . . . , cn the crossings of D as depicted in Fig. 4. For non-negative
integers k1, . . . ,kn, we have
D(c1(k1),...,cn(kn))(−t) = D(−t) +
∑
1in
ki(1+ t)D/ci (−t) +
∑
1i1<i2n
ki1ki2(1+ t)2D/ci1 ,ci2 (−t)
+
∑
1i1<i2<i3n
ki1ki2ki3(1+ t)3D/ci1 ,ci2 ,ci3 (−t)
+
∑
1i1<i2<i3<i4n
ki1ki2ki3ki4(1+ t)4D/ci1 ,ci2 ,ci3 ,ci4 (−t).
For D ∈ G2, let m(D), M(D), r(D), and R(D) be the integers listed in Table 1. Then we have the following.
Lemma 2.4. ([6]) Let D be a diagram in G2 , and c1, . . . , cn the crossings of D as depicted in Fig. 4. Then we have
m(D)
[
D(c1(k1),...,cn(kn))(−t)
]
0 + r(D)
[
D(c1(k1),...,cn(kn))(−t)
]
1  M(D)
[
D(c1(k1),...,cn(kn))(−t)
]
0 + R(D).
Here we introduce tables of the Alexander polynomials obtained from certain generators by applying smoothings,
which will be used in the proof of Theorem 1.4. In Tables 2–5, for a generator D , the symbol i1···i = (x, y) means thatl
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[(1+ t)lD/ci1 ,...,cil (−t)]0 = x and [(1+ t)lD/ci1 ,...,cil (−t)]1 = y. In the captions of Tables 2–5, for a generator D , the symbol
D denotes the pair of values ([D(−t)]0, [D(−t)]1), and the symbol |σ | denotes the absolute value of the signature of D .
Then, by Lemma 2.3, the polynomial D(c1(k1),...,cn(kn))(−t) is represented by the following equality.
([
D(c1(k1),...,cn(kn))(−t)
]
0,
[
D(c1(k1),...,cn(kn))(−t)
]
1
)= D +
∑
1in
kii +
∑
1i1<i2n
ki1ki2i1i2
+
∑
1i1<i2<i3n
ki1ki2ki3i1i2 i3
+
∑
1i1<i2<i3<i4n
ki1ki2ki3ki4i1 i2i3i4 .
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Values m, M , r, and R for generators.
G2 m M r R ([(−t)]0, [(−t)]1) |σ |
63 3 5 0 −2 (1,3) 0
77 3 6 2 −1 (1,5) 0
812 4 6 3 1 (1,7) 0
941 3 14/3 3 −2 (3,12) 0
1058 10/3 14/3 6 2 (3,16) 0
121202 4 13/3 6 3 (9,42) 0
31#3∗1 3 4 −1 −2 (1,2) 0
41#41 4 5 2 1 (1,6) 0
62 2 5 1 −2 (1,3) 2
76 3 6 2 −1 (1,5) 2
814 3 5 2 −2 (2,8) 2
925 10/3 14/3 2 −2 (3,12) 2
939 10/3 11/2 4 −5/2 (3,14) 2
1097 18/5 14/3 4 −4/3 (5,22) 2
11148 25/7 23/5 4 −16/5 (7,29) 2
31#41 3 5 1 −1 (1,4) 2
51 2 4 −1 −3 (1,1) 4
75 5/2 4 −1 −4 (2,4) 4
815 3 4 −1 −4 (3,8) 4
923 13/4 4 −2 −5 (4,11) 4
938 3 4 −1 −6 (5,14) 4
10101 13/4 4 −7/4 −7 (7,21) 4
10120 25/7 4 −18/7 −6 (8,26) 4
11123 24/7 4 −13/7 −7 (9,29) 4
11329 7/2 4 −5/2 −8 (11,36) 4
121097 7/2 4 −2 −10 (16,54) 4
134233 11/3 4 −3 −10 (21,74) 4
31#31 3 4 −1 −2 (1,2) 4
3. Proof of Theorem 1.4
In this section, we prove Theorem 1.4.
Proof of Theorem1.4. First we give the proof for the polynomial α(t) = α0−α1t+(2α1−2α0+1)t2−α1t3+α0t4 for positive
integers α0,α1 with α1 = 6α0 and α0 = 1,2,4. Suppose for a contradiction that α(t) is realized by an alternating knot,
namely, D(c1(k1),...,cn(kn))(−t) = α(−t) for some D ∈ G2 and non-negative integers k1, . . . ,kn . Then by the fact that a t′2 move
on an alternating diagram preserves the signature, we have |σ(D)| = 0 or 4 since α(1) = 1. Furthermore, since α1 = 6α0,
by the inequalities (1) and (3) in Proposition 1.2, we have σ(D) = 0, that is, D ∈ G02. For any D ′ ∈ G02 \ {77,812,41#41} and
non-negative integers k1, . . . ,kn , by Lemma 2.4, we have
[
D ′(c1(k1),...,cn(kn))(−t)
]
1 < 6
[
D ′(c1(k1),...,cn(kn))(−t)
]
0
since M(D ′)  5 and [D ′ (−t)]1 < 6[D ′ (−t)]0 (see Table 1). Hence D ′(c1(k1),...,cn(kn))(−t) does not coincide with α(−t).
We show that D = 41#41. Since M(41#41) = 5 and R(41#41) = 1, by Lemma 2.4, we have
[
41#41(c1(k1),...,c4(k4))(−t)
]
1  5
[
41#41(c1(k1),...,c4(k4))(−t)
]
0 + 1.
Therefore we have
[
41#41(c1(k1),...,c4(k4))(−t)
]
1 < 6
[
41#41(c1(k1),...,c4(k4))(−t)
]
0
except for the case where [41#41(c1(k1),...,c4(k4))(−t)]0 = 1, that is, the case where k1 = k2 = k3 = k4 = 0. Actually we have
41#41 (−t) = 1+ 6t + 11t2 + 6t3 + t4. Then 41#41(c1(k1),...,c4(k4))(−t) does not coincide with α(−t) by the assumption that
α0 = 1, and thus D = 41#41. Next we show that D = 77. Since M(77) = 6 and R(77) = −1, we have
[
77(c1(k1),...,c5(k5))(−t)
]
1  6
[
77(c1(k1),...,c5(k5))(−t)
]
0 − 1
< 6
[
77(c1(k1),...,c5(k5))(−t)
]
0
by Lemma 2.4. Then 77(c1(k1),...,c5(k5))(−t) does not coincide with α(−t), and thus, D = 77.
From now, we consider the Alexander polynomials of the diagrams obtained from 812 by applying t′2 moves. By Table 2
and Lemma 2.3, we have
1012 I.D. Jong / Topology and its Applications 159 (2012) 1007–1015Table 2
812, D = (1,7), |σ | = 0.
1 = (1,6) 2 = (1,5) 3 = (1,6) 4 = (1,5)
12 = (1,4) 13 = (1,5) 14 = (1,5) 23 = (1,5)
24 = (1,4) 34 = (1,4)
123 = (1,4) 124 = (1,4) 134 = (1,4) 234 = (1,4)
1234 = (1,4)
Table 3
51, D = (1,1), |σ | = 4.
1 = (1,2) 2 = (1,2) 3 = (1,2) 4 = (1,2) 5 = (1,2)
12 = (1,3) 13 = (1,3) 14 = (1,3) 15 = (1,3) 23 = (1,3)
24 = (1,3) 25 = (1,3) 34 = (1,3) 35 = (1,3) 45 = (1,3)
123 = (1,4) 124 = (1,4) 125 = (1,4) 134 = (1,4) 135 = (1,4)
145 = (1,4) 234 = (1,4) 235 = (1,4) 245 = (1,4) 345 = (1,4)
1234 = (1,4) 1235 = (1,4) 1245 = (1,4) 1345 = (1,4) 2345 = (1,4)
[
812(c1(k1))(−t)
]
1 = 6
[
812(c1(k1))(−t)
]
0 + 1 and[
812(c3(k3))(−t)
]
1 = 6
[
812(c3(k3))(−t)
]
0 + 1
for any non-negative integers k1,k3. Then the polynomials 812(c1(k1))(−t) and 812(c3(k3))(−t) do not coincide with α(−t).
We also have
[
812(c2(k2))(−t)
]
1 = 5
[
812(c2(k2))(−t)
]
0 + 2 and[
812(c4(k4))(−t)
]
1 = 5
[
812(c4(k4))(−t)
]
0 + 2
for any non-negative integers k2,k4, and among such polynomials, only 812(c2)(−t) = 812(c4)(−t) = 2+12t+21t2 +12t3 +
2t4 satisﬁes the condition [812(c1(k1),...,c4(k4))(−t)]1 = 6[812(c1(k1),...,c4(k4))(−t)]0, which appears in the cases where k2 = 1
and k1 = k3 = k4 = 0, or k4 = 1 and k1 = k2 = k3 = 0. This polynomial does not coincide with α(−t) by the assumption that
α0 = 2. Thus, if α(−t) = 812(c1(k1),...,c4(k4))(−t), then at least two of k1, . . . ,k4 should be non-zero, that is, we should apply
t′2 moves on 812 at least two distinct crossings. Then by Table 2 and Lemma 2.3, we see that
[812(c1(k1),...,c4(k4))(−t)]1
[812(c1(k1),...,c4(k4))(−t)]0
< 6,
that is,
[
812(c1(k1),...,c4(k4))(−t)
]
1 < 6
[
812(c1(k1),...,c4(k4))(−t)
]
0
except for 812(c1,c3)(−t) = 4 + 24t + 41t2 + 24t3 + 4t4. This exception appears in the case where k1 = k3 = 1 and k2 =
k4 = 0. Then the polynomial 812(c1,c3)(−t) does not coincide with α(−t) by the assumption that α0 = 4. Therefore we have
D = 812, and a contradiction occurs.
Remark 3.1. As in the above argument, for any integer a0  1, the Alexander polynomials a0 − a1t + (2a1 − 2a0 + 1)t2 −
a1t3 + a0t4 with a1 = 6a0 ± 1 are realized by alternating knots.
Next we give the proof for the polynomial β(t) = β0 − β1t + (2β1 − 2β0 + 1)t2 − β1t3 + β0t4 for positive integers β0, β1
with 2β0 − 1 < β1 < 52β0 − 2, β0  5. The argument is similar to that for the polynomial α(t). Suppose for a contradiction
that β(t) is realized by an alternating knot, namely, D(c1(k1),...,cn(kn))(−t) = β(−t) for some D ∈ G2 and non-negative inte-
gers k1, . . . ,kn . Then by the fact that a t′2 move on an alternating diagram preserves the signature and the inequalities (1)
and (3) in Proposition 1.2, we have |σ(D)| = 4 since β(1) = 1. Then by the same argument as in the proof for α(t), we see
that
5
2
[
D ′(c1(k1),...,cn(kn))(−t)
]
0 − 2
[
D ′(c1(k1),...,cn(kn))(−t)
]
1
holds for any D ′ ∈ G42 \ {51} and non-negative integers k1, . . . ,kn if [D ′(c1(k1),...,cn(kn))(−t)]0  2. Note that we have the
assumption that β0  5. From now, we consider the Alexander polynomials of the diagrams obtained from 51 by applying
t′ moves. By Table 3 and Lemma 2.3, we have2
I.D. Jong / Topology and its Applications 159 (2012) 1007–1015 1013Table 4
76, D = (1,5), |σ | = 2.
1 = (1,3) 2 = (1,6) 3 = (1,5) 4 = (1,4) 5 = (1,6)
12 = (1,4) 13 = (1,4) 14 = (1,3) 15 = (1,4) 23 = (1,5)
24 = (1,5) 25 = (1,5) 34 = (1,4) 35 = (1,5) 45 = (1,5)
123 = (1,4) 124 = (1,4) 125 = (1,4) 134 = (1,4) 135 = (1,4)
145 = (1,4) 234 = (1,4) 235 = (0,0) 245 = (1,4) 345 = (1,4)
1234 = (1,4) 1235 = (0,0) 1245 = (1,4) 1345 = (1,4) 2345 = (0,0)
[
51(ci(ki))(−t)
]
1 = 2
[
51(ci(ki))(−t)
]
0 − 1
for any non-negative integer ki , i = 1, . . . ,5, and thus, the polynomial 51(ci(ki))(−t) does not coincide with β(−t). Thus, if
β(−t) = 51(c1(k1),...,c5(k5))(−t), then at least two of k1, . . . ,k5 should be non-zero. Then by Table 3 and Lemma 2.3, we see
that
5
2
[
51(c1(k1),...,c5(k5))(−t)
]
0 − 2
[
51(c1(k1),...,c5(k5))(−t)
]
1.
Then the polynomial 51(c1(k1),...,c5(k5))(−t) does not coincide with β(−t). Thus D = 51, a contradiction occurs.
Remark 3.2. For any integer b0  1, the Alexander polynomials b0 − b1t + (2b1 − 2b0 + 1)t2 − b1t3 + b0t4 with b1 = 2b0 − 1
or b1 = 52b0 − 2 are realized by alternating knots. Actually, for ki  1, i = j, we have
51(ci(ki))(−t) = (ki + 1) + (2ki + 1)t + (2ki + 1)t2 + (2ki + 1)t3 + (ki + 1)t4 and
51(ci(ki),c j)(−t) = (2ki + 2) + (5ki + 3)t + (6ki + 3)t2 + (5ki + 3)t3 + (2ki + 2)t4.
Next we give the proof for the polynomial γ (t) = γ0 − γ1t + (2γ1 − 2γ0 − 1)t2 − γ1t3 + γ0t4 for positive integers γ0, γ1
with 112 γ0 < γ1 < 6γ0 − 1, γ0  5. The argument is similar to those for α(t) and β(t). Suppose for a contradiction that γ (t)
is realized by an alternating knot, namely, D(c1(k1),...,cn(kn))(−t) = γ (−t) for some D ∈ G2 and some non-negative integers
k1, . . . ,kn . Then by the fact that a t′2 move on an alternating diagram preserves the signature, we have |σ(D)| = 2 since
γ (1) = −1. Then by the same argument as in the previous cases, we see that
[
D ′(c1(k1),...,cn(kn))(−t)
]
1 <
11
2
[
D ′(c1(k1),...,cn(kn))(−t)
]
0
holds for any D ′ ∈ G22 \ {76} and non-negative integers k1, . . . ,kn .
From now, we consider the Alexander polynomials of the diagrams obtained from 76 by applying t′2 moves. By Table 4
and Lemma 2.3, we have
[
76(c1(k1))(−t)
]
1 = 3
[
76(c1(k1))(−t)
]
0 + 2,[
76(c2(k2))(−t)
]
1 = 6
[
76(c2(k2))(−t)
]
0 − 1,[
76(c3(k3))(−t)
]
1 = 5
[
76(c3(k3))(−t)
]
0,[
76(c4(k4))(−t)
]
1 = 4
[
76(c4(k4))(−t)
]
0 + 1, and[
76(c5(k5))(−t)
]
1 = 6
[
76(c5(k5))(−t)
]
0 − 1
for any non-negative integer ki , i = 1, . . . ,5, and thus, the polynomial 76(ci(ki))(−t) does not coincide with γ (−t). Thus, if
γ (−t) = 76(c1(k1),...,c5(k5))(−t), then at least two of k1, . . . ,k5 should be non-zero. Then by Table 4 and Lemma 2.3, we see
that
[
76(c1(k1),...,c5(k5))(−t)
]
1 
11
2
[
76(c1(k1),...,c5(k5))(−t)
]
0.
Then the polynomial 76(c1(k1),...,c5(k5))(−t) does not coincide with γ (−t). Thus D = 76, a contradiction occurs.
Remark 3.3. For any integer d0  1, the Alexander polynomials d0 − d1t + (2d1 − 2d0 − 1)t2 − d1t3 + d0t4 with d1 = 6d0 − 1
or d1 = 11d0 are realized by alternating knots. Actually, we have2
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62, D = (1,3), |σ | = 2.
1 = (1,4) 2 = (1,2) 3 = (1,3) 4 = (1,4) 5 = (1,4)
12 = (1,3) 13 = (1,4) 14 = (1,5) 15 = (1,5) 23 = (1,3)
24 = (1,3) 25 = (1,3) 34 = (1,4) 35 = (1,4) 45 = (1,5)
123 = (1,4) 124 = (1,4) 125 = (1,4) 134 = (1,4) 135 = (1,4)
145 = (1,4) 234 = (1,4) 235 = (1,4) 245 = (1,4) 345 = (1,4)
1234 = (1,4) 1235 = (1,4) 1245 = (1,4) 1345 = (0,0) 2345 = (1,4)
76(c2(k2))(−t) = (k2 + 1) + (6k2 + 5)t + (10k2 + 7)t2 + (6k2 + 5)t3 + (k2 + 1)t4,
76(c5(k5))(−t) = (k5 + 1) + (6k5 + 5)t + (10k5 + 7)t2 + (6k5 + 5)t3 + (k5 + 1)t4,
76(c2(k2),c5)(−t) = (2k2 + 2) + (11k2 + 11)t + (18k2 + 17)t2 + (11k2 + 11)t3 + (2k2 + 2)t4, and
76(c2,c5(k5))(−t) = (2k5 + 2) + (11k5 + 11)t + (18k5 + 17)t2 + (11k5 + 11)t3 + (2k5 + 2)t4.
Finally, we give the proof for the polynomial δ(t) = δ0 − δ1t + (2δ1 − 2δ0 − 1)t2 − δ1t3 + δ0t4 for positive integers δ0, δ1
with 2δ0 + 1 < δ1 < 52 δ0 + 1, δ0  3. The argument is similar to those for the previous three polynomials. Suppose for a
contradiction that δ(t) is realized by an alternating knot, namely, D(c1(k1),...,cn(kn))(−t) = δ(−t) for some D ∈ G2 and some
non-negative integers k1, . . . ,kn . Then by the fact that a t′2 move on an alternating diagram preserves the signature, we have|σ(D)| = 2 since δ(1) = −1. Then by the same argument as in the previous three cases, we see that
5
2
[
D ′(c1(k1),...,cn(kn))(−t)
]
0 + 1 <
[
D ′(c1(k1),...,cn(kn))(−t)
]
1
for any D ′ ∈ G22 \ {62} and non-negative integers k1, . . . ,kn .
From now, we consider the Alexander polynomials of the diagrams obtained from 62 by applying t′2 moves. By Table 5
and Lemma 2.3, we have
[
62(c1(k1))(−t)
]
1 = 4
[
62(c1(k1))(−t)
]
0 − 1,[
62(c2(k2))(−t)
]
1 = 2
[
62(c2(k2))(−t)
]
0 + 1,[
62(c3(k3))(−t)
]
1 = 3
[
62(c3(k3))(−t)
]
0,[
62(c4(k4))(−t)
]
1 = 4
[
62(c4(k4))(−t)
]
0 − 1, and[
62(c5(k5))(−t)
]
1 = 4
[
62(c5(k5))(−t)
]
0 − 1
for any non-negative integer ki , i = 1, . . . ,5, and thus, the polynomial 62(ci(ki))(−t) does not coincide with δ(−t). Thus, if
δ(−t) = 62(c1(k1),...,c5(k5))(−t), then at least two of k1, . . . ,k5 should be non-zero. Then by Table 5 and Lemma 2.3, we see
that
5
2
[
62(c1(k1),...,c5(k5))(−t)
]
0 + 1
[
62(c1(k1),...,c5(k5))(−t)
]
1.
Then the polynomial 62(c1(k1),...,c5(k5))(−t) does not coincide with δ(−t). Thus D = 62, a contradiction occurs.
Remark 3.4. For any integer e0  1, the Alexander polynomials e0 − e1t + (2e1 − 2e0 − 1)t2 − e1t3 + e0t4 with e1 = 2e0 + 1
or e1 = 52 e0 + 1 are realized by alternating knots. Actually, we have
62(c2(k2))(−t) = (k2 + 1) + (2k2 + 3)t + (2k2 + 3)t2 + (2k2 + 3)t3 + (k2 + 1)t4,
62(c2(k2),c3)(−t) = (2k2 + 2) + (5k2 + 6)t + (6k2 + 7)t2 + (5k2 + 6)t3 + (2k2 + 2)t4. 
As shown in the proof of Theorem 1.4, it seems that we can ﬁnd other Alexander polynomials satisfying the inequal-
ities (1)–(3), which never realized by alternating knots by enhancing our argument. We leave this problem as one of our
future tasks.
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